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Erik JOHNSON
Sticky Note
8/10 - Many things done well, only a few small critiques (including the attenuation graph without showing how value was extracted, not calculating Isat).  Be careful that although stimulated emission is "ignored", it is this process that is useful for us.  The gain comes from stim. em., and spontaneous only gives us noise.
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1 Question

How many repeaters are needed to ensure the signal transmission over TAT-137

2 Variables

2.1

Known data and constants

From the problem statement we can extract the following data:

L - the total distance of the segment TAT-13 given as 6321 km

Pr, - power of the laser given as ~ 1 yW

A21 - laser’s wavelength given as 1550 nm

To1 - average decay time from second state to ground state given as 11 ms
091 - cross section for the laser given as 4 x 1072° m?

[ - length of one optical repeater given as 10 m

r - radius of an optical repeater given as 2 ym

n - density of Erbium atoms in EDFA given as ~ 5 x 1023 m~3

T30 - average decay time from third state to second state assumed very fast
A13 - laser’s wavelength given as 980 nm

013 - cross section for the laser pump given as 6 x 1072° m?

P, - power of the pump laser given as 50 mW

The constants used in this problem are:

2.2

¢ - speed of light
h - Planck constant taken to be 6.626 x 10734 m?kg

Intermediate variables

x - distance along the fiber

« - absorption coefficient

g - gain due to the amplifying medium
go - unsaturated gain

I, - intensity of the laser beam (signal)

I, = I1.(0) - intensity of the laser beam when it enters the amplifying medium
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I, = I(d) - initial intensity of the laser beam (also intensity after exiting the amplifying medium)

I,, - intensity of the pump

Isq; - saturation intensity

I emoved - intensity removed from the system after passing through the amplifying medium (only

on the drawing)
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2.3 Sought after variable

The variable we are looking for is:

e N - number of repeaters needed to ensure the signal transmission over TAT-13
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Figure 1: Sketch of the problem @

We use the semi-quantum model of light-matter interaction to model the amplifying Erbium atoms as
3-level systems since to get a population inversion we need a 3-level system, and population inversion
is needed for the amplification of light.

In order to efficiently amplify the given signal, one must choose a good placement of the amplifiers
in the cable. In practice, it would seem easier to make changes to the already placed cable near the
shores of the ocean rather than in the middle. However, amplifying the signal at its beginning and /or
its end is extremely inefficient. Indeed, if the signal was sufficiently amplified at the start to travel
through the whole ocean with no amplification (except perhaps near its end), it would most likely be
saturated, hence, there would be losses in gain. On the other hand, if we choose to amplify the signal
in the end, but not in the middle, the signal will reach the other shore attenuated enough to be of the
same order of magnitude as noise (which is added by the amplifier, for example, pump noise due to


Erik JOHNSON
Sticky Note
That is a very impressive drawing.  Maybe you could have included a few more things in the three level system (cross section), but showing which processes are being ignored is nice.
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pump power fluctuation d become indistinguishable. Therefore, it is fair to say that placing the
amplifiers equidistant to each other is an optimal setup.

Furthermore, the signal will be amplified sufficiently enough if the gain in the Erbium-doped fiber
fully compensates the losses (see figure 1 for a sketch of the physical situation):

eINlg—al —q (1)
The equation yields:
L
N=2 (2)
gl

We can obtain « from the graph (figure 2) in the problem which plots attenuation as a function of
wavelength.
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Figure 2: Attenuation vs Wavelength (figure taken from ref. [1])

In this graph the attenuation is given in dB/Km. The real definition of attenuation is II"’” The total
attenuation across a distance d (in units of Km) can be given as —Gd where G is the attenuation
coefficient which is depicted on the y-axis of the graph. We have that

IOU
_Gd = 1010g10 Tt

mn

GlnlOd

Towt = I;;, 107 10 = Ijpe” 10 (3)

Also due to Beer-Lambert’s law we have that the intensity after traveling a distance d through a
medium (fibre optic cable) will be given by:

Toyt = ine_ad (4)

Equating 3 and 4 and then substituting the experimentally measured value of G = 0.2 corresponding
to the wavelength of 1.55 um (from the graph) we find that

G 1
- E1n 10 = 0.046 Km @


Erik JOHNSON
Sticky Note
Notice that gain comes from the stimulated emission only.  The spontaneous emission will not help, and is a source of noise.  Also, you can check the assumption about saturating the gain, no?

Erik JOHNSON
Sticky Note
Why not indicate the wavelength of interest and the value of attenuation at that wavelength?

Erik JOHNSON
Sticky Note
This is a good demonstration of going from dB/km to attenuation coefficient.  Nicely done.
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We used the experimental value, not the theoretical one since the experimental value is the real value
that takes into account both scattering and absorption effects and other unknown effects that theory
might not account for. The fact that the attenuation is minimum for this wavelength is not a coinci-
dence. The wavelength is chosen in a way to minimize attenuation.

We will now analyze what happens inside a repeater node. The nodes consist of fibers that con-
tain Erbium atoms. Being three-level systems, Erbium atoms can amplify the input signal. If we have
population inversion, the gain is:

o 90
9= L (5)

Isat

It depends on the distance x along the fiber from its input and we can find the dependence using the
following differential equation (from the definition of gain):

dly, 90

1y I 1% I, (6)
This would be difficult to solve analytically but we can make the following simplification: if the laser
intensity is much smaller than saturation intensity Isa@en we can ignore the term % (this is
equivalent to saying that since we are well below saturation, increasing the intensity does not affect
our gain negatively). We can verify this assumption by computing:

I;
Isat

which is indeed very small. Then we can easily integrate equation 6 to obtain the following amplifica-
tion factor:

=4-107° (7)

Ip(d) = Ip(0)e% (8)

Thus the final expression for the number of repeater nodes is:

o13P, 1
N — al 7r'r2hz + To1 (9)
nooil o1slp 1
wr2hc Ta1
After performing the substitution we get the numerical value of N = 148. e deviation from the

real value of 140 amplifiers? used is less than 6%. However, we have made a mumber of simplifying as-
sumptions, including: we assumed the pump power is constant, we ignored losses within the amplifier,
and we neglected the effects of saturation on gain.
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Erik JOHNSON
Sticky Note
Where did you calculate Isat?

Erik JOHNSON
Sticky Note
Is there a way to evaluate this number without looking up the actual value?  Is it reasonable?




