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So far, we have used models with ad-hoc quantum mechanics ingredients
The point of this lecture is to show you where these ingredients really come from
The content of this lecture is for your culture interest, and for the connexion with other courses.

It will not be evaluated, neither in quizz nor in the final exam.



Battleplan

What do we know ?

| h %
« Size » of an H atom AxAp, > - =~
2 Mee>
Quantum numbers n, [, m
Energy spectrum E, = —Eo/n2

What do we want to find ?

Recover these results (and more !) from basic principles
Identify consequences of these results

How are we going to get there ?

Quantum problem —operators, eigen states

/;
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I. Reminder on the angular momentum
Il. Hamiltonian for the hydrogen atom

lll. Eigen states and eigen values
Ground state
Excited states

IV. Using results
Zeeman effect (again)
Selection rules
Rabi oscillations




Classical expression Quantum operator
Yp> — Zpy R yaz - zay
L=rxp= ZPe — TP ‘ L=trxp=—ih| 20, —x0,
TPy — YPx way - ya:c

In spherical coordinates (pure algebra)

L) = )+ L) + L) = gy (0035 (0)) + s 2

sin? § 0?2

A

L. =—ihd,



um - properties

Commutation (pure algebra again)

- 2
L x L =ihL L L.] =0
(actually, could be used to define angular momentum !)
Any observable provides a set of eigen functions which form a basis for all wavefunctions

O¢n = Ondp = cnon

If two observables commute, it is possible to find a basis of eigenfunctions share by both operators

o A n:An n

Eigen elements (pure algebra again)

L*Yim (0, @) = U1+ 1)R*

Eigenstates of L? and Lz
= spherical harmonics

L.Y1m (0, o) =mh,me{-l, -l+1,..,1—-1,1}
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Write down the Hamiltonian

10 1 1 0 0 1 0?
Ay = r Or? (r) + 12 (sin@ 00 (SIHQ% (W) - sin” 0 0p? ¢)

. R 1 92 L2
Hp=———~ =
v 2m,. T Or2 (re)) + 2m.r2

2
W —
T
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. R 1 92 I?
Hyp = (1)) +

- 2m. r Or?

2
e . . .
Y — — What are the eigen functions / eigen values ?
2m.r2 r

Commutations ? (H,L*| =[H,L,] = [L* L] =0 ‘ Shared eigen basis !

H’QD = Ew Only r (no 6, )
L) = 1(1 + 1)R*
aly 6, @ (no r W(r) = R(r)Yim(6,
Lo = mb Only 8, @ (nor) ‘ i (r)Y1,m(0, )
R 1 02 I(1+1)

2
Eigen equation: — 5 R R(r) — 8—R(T) =FER
r

(rR(r)) +

2 T Or2 2Mmer

10



R 1 02 (1+1) ., e?
~ o 7 B (rR(r)) + s h°R(r)— —R(r)=ER

2mer

Focus on the ground state - lowest possible energy - no angular momentum - =0

2 2
2
_h (—R,—I_R,,)_%R:EOR

2Me \ T

Ansatz : consider

- (12 1\ €
R ~ Rpe'/® ‘ S ay®
r—+00 2me( ar+a2> r ’

25>

11



_ excited states

h? 1 02 I(1+1) 2

2 €
— — _ — —
S T 9 (rR(r)) + S hR(r) . R(r) R
Now the more generic case :
b r I(1+1) 2
Di ionl it € = —, = — = _ —
imensionless units o p o e R(p) + pR(p) cR(p) =0

Ugly ? Yes | But famous !

Textbook properties (pure algebra)

1
1. Has solutions iif € = ke N

(I+k+1)%

2. Inthis case, R(p) = e "Vp'Qr.1(p)

Laguerre polynoms ; .

Edmond Laguerre (X1853) 1



Hydrogen atom — final results

p2

Fﬂz%wm:

Eigen functions = atomic orbitals
Y(r) = R(r)Y,m (0, ¢)
R(p) = e=*Vp'Qr1(p)

wwhnorton.com/

Eigen values = quantum numbers

L2 =1(1+1)h?

L, =mh

mee* 1
2h? (14 k+1)%

- 7
~

n

E = keN

13
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2
Add an B field: H = P + V(I‘) + g q L.B Energy shift ?
2m 2Me
Reminder : Perturbation theory AEn = <wn‘vpertu;bation|¢n>
Injecting
_ - 3 * gqu -~
v0) = ROWim(0 ¢)  AE= [ drt @) x (292 Ly
_ 9eaB /d?’rw*(r) X (—thd,(r))
2Me v
eqB . .
=292 [ar IR0 ) ([ 00 i 0.) x (-i00, i, (0,0))
cqB :
_ 947« / sin 0dfdy Y%, (0, ) x (mhYim(0,¢))
(could be derived directly from ) 2mee
_ geqB
L, |wn,l,m> = mh |wn,l,m> — mh x 1 x 1

2M.
15



2
Add an EM wave H = QP; + V(r) — (qr) .Eq cos wt Time evolution ?
m
Decompose on atomic orbitals 1Y) = Z ck(t) |Yr) (k accounts for n, | and m here)
Inject in Schrodinger equation ihd,c = Epncp — Z <¢m| qr Wk:) Eg ; (em i e_i“t)
2 m

m

= Fircp — Zthkcm (ei“’t + e_i“’t)

hQmk = — (Y| gt [Yr) -Eo

Non trivial evolution depends on Rabi frequency

Isidor Isaac Rabi 16



Non zero Rabi frequency ?

B = — (V| af [5) o

rsin 6 cos
(Vi| T |1hs) = /7‘2 sin@drdfdy | rsinfsing | R} (v)Ry, (v)Y] . (0,0)Y,m; (0, 9)
r cos 6
e Ix ‘;iuy /dw pilltmj—m;) | Ux —2in /dc,o pi(—14my—m;) _le/d(p pi(my—m;)

If E// (ux + i uy) = o+ polarized, then non zero if mi = mj +1

- If E// (ux - i uy) = o- polarized, then non zero if mi = mj -1

If E // (uz) = m polarized, then non zero if mi = mj

17



abi oscillation

Back to time evolution

ihdie, = Egcy — Zhﬂmkcm (e + e7™")

For simplicity :
Start in state « n, » at t=0
Isidor Isaac Rabi Only coupled to state « n; »

(calculation detailled in the textbook)

QZ 5 ,/Q2_|_52t

len, ()] =1 — 02 1 g2 Sin 5
en (O = 52 [ VIEH,
02 + §2 2
Two typical frequencies
Rabi frequency Detuning
B = (08 [n,) Bo 5 = g —

1.0

population
o
o)

S
(S

0.0

1.0

0.8

o
.

population

i
(S

ot
o

o
()]

o
B

t/Q
Out of resonance (6 = 1,5 Q)

o
(o)}

AVAVAVAN

JAVAVAVA

t/Q
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